Abstract-Interconnection and damping assignment passivity based control (IDA-PBC) has gained increasing popularity. In this paper, we propose constructive results on integral IDA-PBC and PID-type controllers for a class of port-controlled Hamiltonian (PCH) systems. The results extend some existing methods and address a new framework that allows the implementation of integral action control to under-actuated PCH systems that are quite commonly found in practice. Application of the results to control a Quanser inertia wheel pendulum is provided.
I. INTRODUCTION
Control design methods for systems described by a portcontrolled Hamiltonian (PCH) model have recently been investigated in several works (see [1] for a survey). Adopting the PCH structure that geometrically describes a large class of nonlinear models gives a number of advantages such as the obvious relation between the dynamics and the energy of the system, the energy conservative property that makes the model marginally stable to start with, and the coupling between the non-damping and the damping elements. However, this modeling approach results in exclusion of important ingredients of the system's dynamics such as the frictions. Hence, relying only on the pure PCH model, often results in a controller that works very well in simulation, but needs further adjustment in implementation [1] , [2] .
Besides the issue of modelling, complexity of systems and demand for control accuracy have made control design problems more challenging. Measurement noise, disturbances and model uncertainties are common problems that affect the performance of control systems in industrial applications. Integral control (IC) has so far been the most popular approach to deal with such effects and PID controller still dominates in practice.
The interconnection and damping assignment passivitybased control (IDA-PBC), introduced in [3] , is a physically inspired control design methodology that invokes the principles of energy shaping and dissipation and formulated for systems described by PCH models. The main objective of this method is to stabilize the dynamical system by rendering the closed-loop system passive (by shaping its energy) with a desired storage function (which is a proper Lyapunov function) [4] . Furthermore, the system can be asymptotically stabilized if it can be rendered strictly (output) passive by Mutaz Ryalat, Dina Shona Laila and Mohamed Torbati are with the School of Engineering Sciences, University of Southampton, Southampton SO17 1BJ, UK. {d.laila, mmr3g11, m.m.torbati}@soton.ac.uk. M. Ryalat acknowledges the support of The German-Jordanian University (GJU) for his PhD scholarship to carry out this research. mean of damping injection [5] . While IDA-PBC controller is theoretically proven to asymptotically stabilize classes of PCH systems, in the presence of disturbance, uncertainties or reference signal, the closed-loop system is more likely to suffer from steady-state errors and undesirable behaviour. Some solutions to deal with the robustness issue of PCH systems are reported in [1] , [6] , [7] .
In this paper, extension of results from [6] , [7] are proposed. In Section III-A, we extend the robust PI controller of mechanical system proposed in [7] to the robust PID-like controller that provides a more general framework. In Section III-B, inspired by the work of [6] and with a particular change of coordinates [7] , we show that the IC can be incorporated to improve the robustness of IDA-PBC controller for PCH mechanical systems. Section III-C provides the most important contribution of the work reported in this paper, i.e. the IC scheme for under-actuated mechanical systems within PCH structure which has not been investigated in earlier literature. As we will discuss later, the system being under-actuated significantly complicates the inclusion of the IC. First, we provide a framework to solve this problem for under-actuated systems, and then we implement the integral IDA-PBC controller on the separable under-actuated PCH systems, i.e systems with constant inertia matrix. Finally, we apply this method to stabilize an inertia wheel pendulum (IWP) system in Section IV.
II. PRELIMINARIES
The set of real and natural numbers (including 0) are denoted respectively by R and N. Given an arbitrary matrix G, we denote the transpose and the pseudo inverse of G by G ⊤ and G + , respectively. G ⊥ denotes the full rank left annihilator of G, i.e. G ⊥ G = 0. We denote an n × n identity matrix with I n . For any continuous function H(i, j), we define ∇ i H(i, j) := ∂H(i, j)/∂i. We use a standard stability and passivity definitions for nonlinear systems [2] . Due to limited space, the arguments of functions are often dropped whenever they are clear from the context.
A. Port Controlled Hamiltonian (PCH) Systems
Consider a standard mechanical system whose dynamics are represented in a PCH form:
where q, p ∈ R n are the states, u and y ∈ R m , m ≤ n, are the input and output variables, respectively. If m = n the system is called fully-actuated, whereas if m < n it is called under-actuated. The Hamiltonian function, which is the total energy of the system, is defined as the sum of the kinetic energy and the potential energy
where M (q) = M ⊤ (q) > 0 is the symmetric inertia matrix and V (q) is the potential energy function. The PCH system is called separable if M is constant, or otherwise it is called nonseparable. In PHC framework, the states p are known as the passive outputs and the states q are known as the non-passive outputs [6] .
B. Review on IDA-PBC Design
We briefly review the general procedure of the IDA-PBC design as has been proposed for instance in [1] , [3] , [8] . Given a PCH system (1), by applying the IDA-PBC design we obtain the following preserved PCH dynamics
where
is the desired total energy with
⊤ is the dissipation (damping) matrix and q e is the equilibrium point to be stabilized. The system (3) is equivalent to the PCH system (1) with
with the energy shaping and the damping injection controllers given by
C. Review on Integral Control (IC) within PCH Framework
To improve control performance, particularly with respect to steady state error and reference inputs, the idea of applying integral action on the passive outputs of PCH systems has been proposed in [1] . In this method the integral control (IC)
with the integral gain
> 0, is added to the IDA-PBC stabilized PCH system (3) to form an extended dynamical system
which can be written into an extended PCH form as  q ṗ v
In reality, applying the IC only to the states which are the passive outputs is often insufficient. In Section III, we present the extension of this approach to more general classes of PCH systems allowing the IC input on the states which are the non-passive outputs.
III. MAIN RESULTS

A. PID-like Control for Separable PCH Systems
In [7] , a PI controller has been proposed to reject constant disturbance(s) for the case of a separable fully-actuated PCH system which is assumed to have natural damping. On the contrary, here we start with assuming that the system does not have natural damping and we introduce the damping to the system (1) by means of a derivative controller, thus, we obtain the PID-like controller. This assumption of no damping is consistent with the PCH model that we consider in this paper.
Remark 3.1: Note that we refer the controller as a PIDlike controller because it consists of the P, I and D terms. However, this controller is a state feedback controller and not exactly the same as the conventional PID controller which sits on the feed-forward path of the system. This type of control has been used for instance in [7] .
Proposition 3.1: Consider the separable (and fullyactuated) PCH system (1). Define the state transformation
to realize the closed-loop system in the new variables
with the Hamiltonian function
Then, the PID-like controller
, is an asymptotically stabilizing controller for the system. Proof of Proposition 3.1: Consider the Hamiltonian function (14) as a candidate Lyapunov function for the system (13). Because M is constant, then ∇ xq H x = ∇ xq V . Its derivative along the trajectories of the system iṡ
which is negative semi-definite. By invoking LaSalle's invariance principle [2] , one can prove that the largest invariant set contained in Ω = {x {q,p,v} :
is the equilibrium point x e = (x qe , 0, 0) = (q e , 0, 0), thus it is asymptotically stable (see the proof of Proposition 3.2). The PID-like controller (15) is found by equating (1) and (13) and applying the coordinate transformation (12) , that iṡ
Notice that with (12) we have ∇ q H = ∇ xq H x and
, thus, we obtain (15). Remark 3.2: The PCH structure of the original model (1) has been preserved in the augmented system (13) . This can be shown from i) the coincidence of the state equations of both models (they are matched), ii) the preservation of the Hamiltonian and the Poisson structure [7] of the model, i.e. the positive definiteness of the interconnection matrix. This preservation in the closed-loop system ensures asymptotic stability of the system as shown in the Proof of Proposition 3.1, and robustness property is provided through the introduction of the integral action.
B. Integral IDA-PBC for Separable PCH Systems
In Section III-A, a PID-like controller has been proposed for both asymptotically stabilizing and robustifying the fullyactuated PCH system. In this section, we assume that the stabilization problem has been solved using IDA-PBC method and we need to introduce an integral action to solve the robustness issue. As discussed in Section II-C, a method to include the IC for passive outputs has existed. However for non-passive outputs, it is difficult to add the IC action while preserving the PCH structure and stability properties simultaneously.
In [9] a method that involves canonical transformation of coordinates and solving a set of PDEs was proposed. Coordinate transformation was also used in [10] to deal with the robust control of non-passive outputs with unmatched disturbances. An initial result towards applying IC on nonpassive outputs of PCH systems has been recently proposed in [6] . In this method the IC is added to the PCH model that has already been stabilized using a PBC method, exploiting a state transformation that preserves the Poisson structure of the open-loop system. However, this method requires solving a set of algebraic equations that account for defining the state transformation which makes it quite complicated.
Inspired by the work of [6] , [7] , [10] , we present a simpler method to include the IC for non-passive outputs of PCH system assuming a stabilizing controller has already been obtained and we are dealing with steady-state error. The main idea is to use the change of coordinates as in Section III-A and [7] to obtain the IC, while preserving the structure and stability properties of the original PCH model.
Consider the closed-loop PCH system (10) with equilibrium satisfying (5) when v = 0. Since throughout the IDA-PBC design procedures, J 2 is set to 0 as both M and M d are constants [11] , the system can be rewritten as
Consider the separable PCH system (1). Assume a stabilizing IDA-PBC controller (6) has already been obtained with the desired Hamiltonian (4) and the desired PCH dynamics take the form (16) . Defining the state transformation (12) to realize the augmented closed-
with
Asymptotic stability of the equilibrium point x e = (x qe , 0, 0) = (q e , 0, 0) is preserved with the integral control
Furthermore, the total control input with integral action takes the form
is an additional control term that appears through the procedure of finding the closedloop controller.
Proof of Proposition 3.2:
The proof can be established following the same procedures as in the proof of Proposition 3.1. Furthermore, in view of (5), (12) and (18), we obtaiṅ
e the system is stable. LaSalle's invariance principle is then used to prove that the largest invariant set contained in Ω = {x {q,p,v} :
is the equilibrium point x e = (q e , 0, 0), thus it is asymptotically stable. Notice that for the system to maintainḢ x = 0 condition, the trajectory must be confined to x p = 0. Using the system closed-loop dynamics (17) we show that
For PCH systems, the gradient of the potential energy function vanishes (∇ xq H x = ∇ xq V (x q ) = 0) if the system converges to its equilibrium point q e (see (5) , Section IV in [12] and Lemma 4.2. in [13] ). Thus, ∇ xq H x ≡ 0 =⇒ x q = q e and x v = 0.
Hence, the system can maintainḢ x = 0 only at the equilibrium point x e = (q e , 0, 0), which proves that this equilibrium is asymptotically stable. The controller is obtained by matching the momenta of (16) and (17) , that iṡ
Solving (21), we get (19) and (20).
Remark 3.3:
The integral control laws (15) and (19) obtained in the PID-like and IIDA methods, respectively, are very similar, except that there is the term M −1 d M in the one constructed using IIDA. This is due to the different interconnection matrices used for the design; the original interconnection matrix in the case of PID-like and the desired one in the case of IIDA. Also, the total control input u of IIDA includes an additional proportional control term u p .
C. IC for Under-Actuated PCH Mechanical Systems
In Subsections III-A and III-B, we have discussed the construction of controllers for separable PCH systems, requiring the input matrix G to be full rank. This condition makes the application to under-actuated systems in which G is non full rank, not straightforward, whereas these systems are often found in practice, either by design or due to faults. In this section, a more general result, the design of integral control action for under-actuated mechanical systems is proposed.
While PCH models allow some extensions in the system coordinates, such as adding integral action, two main properties must be ensured when these extensions are added to the model: a. Preserving the PCH Poisson structure matrix (consult [14] for detailed formulation). The extension must not break the skew-symmetry of the interconnection matrix and the positive definiteness of the dissipation matrix. b. Preserving the passivity and (asymptotic) stability of the closed-loop system. Due to these constraints, all existing integral control schemes within PCH framework were limited to fully-actuated mechanical systems, imposing the following conditions:
(i) The input matrix G is full rank.
(
is used instead. In fact, Condition (i) is not necessary because the PCH structure can still be preserved even if the system is underactuated. This can be proved for instance using the Schur's complement [15] , by showing the positive definiteness of the interconnection and dissipation matrices even if rank(G)= m < n. Moreover, the formalism of IDA-PBC for underactuated mechanical systems also shows that the PCH structure is preserved even when G is not invertible [11] .
Unfortunately, stability cannot be easily verified if the integral action is added to the under-actuated PCH mechanical systems, because Condition (ii) is not satisfied. This can be illustrated in the following case. A simple calculation of the derivative of the Hamiltonian function (18) along the trajectories of the system giveṡ
If G = G ⊤ like in the case of fully-actuated PCH system, the last two terms are equal except with opposite signs, thus cancel out each other. Hence,
which proves the stability of x e . For under-actuated mechanical systems, since G ∈ R n×m = G ⊤ ∈ R m×n , we cannot draw any conclusion about the stability of the system. A similar illustration can also be shown for the integral control presented in Section II-C. Therefore, modification is needed to deal with under-actuated systems, as discussed next.
1) Integral control on passive outputs:
Here, we present results for under-actuated PCH systems with n = 2, m = 1. Recall the desired closed-loop PCH system (11) . For underactuated systems, the matrix G can be defined as
Depending on how the input acts on the states, we may have either
if the first passive output receives the direct action from the input, or
if the second passive output receives the direct action from the input. Instead, and without loss of generality, for the augmented system we define a new matrix G as
thus, we have G 1 which corresponds to G 1 if g 2 = 0, or G 2 which corresponds to G 2 if g 1 = 0.
Remark 3.4:
Notice that G = G ⊤ . When either g 1 or g 2 is zero, exclusively, replacing G with G in (11) neither breaks the PCH structure (the dynamics) nor changes the contribution of the augmented state to the system. This is due to the fact that rank(G) = rank(G). For example, using G 1 in the extended state equation, we havė
and using G 1 , we also obtaiṅ
As the last column is zero, this shows that the same result is obtained in both cases, and the PCH dynamics are preserved. The same case also applies to (G 2 , G 2 ). Hence, with this substitution we obtaiṅ
, which proves the stability of the system. Remark 3.5: Note that the replacement of G with G, is not meant to change the input matrix of the original PCH system, but it is applied to the augmented system to proceed with the design procedures.
Proposition 3.3:
Replacing the G in the PCH model (11) with G allows for the integral action to be applied to underactuated mechanical systems. Proof of Proposition 3.3 is established in Remark 3.4.
2) Integral control on non-passive outputs:
In Subsection III-C.1 we have considered integral control on passive outputs. However in the context of PCH mechanical systems, non-passive outputs, usually being the states representing displacement or positions, are often the outputs of interest. In this subsection we will present the method of introducing the integral action on non-passive outputs for under-actuated systems. The construction of this integral control for nonpassive outputs follows closely the procedures as in Section III-B, with the replacement of matrix G by G.
Introducing the IC action to the non-passive outputs, in the same way as how it was done to the passive outputs, yields the closed-loop PCH system:  q ṗ v
However, this way destroys the PCH structure of the system (the system is no more Hamiltonian), which is obvious from the unsymmetrical interconnection matrix. Another option is to write the augmented system as 
which preserves the PCH structure. However, with this form, the integral control action is not included in the control law, i.e. the integral control term is not attainable from the augmented system. To solve this, some methods have recently been reported in literature where the integral action is admitted by means of coordinates transformation such as using canonical transformation in [9] , [16] or other methods as in [6] , [7] , [10] .
3) Integral IDA-PBC: To complete our results in this paper, we present the extension of the integral IDA-PCB from Section III-B to apply to under-actuated PCH systems. The following result is a direct extension of Proposition 3.2.
Proposition 3.4: Consider the separable PCH system (1) with G non-full rank. Assume a stabilizing IDA-PBC controller (6) is already obtained with the desired (closed-loop) energy function (4) and the desired PCH dynamics take the form (16) . We employ the state transformation (12) to realize the augmented closed-loop PCH system  ẋ
with the Hamiltonian function (18) and replacing G with G. Then, asymptotic stability of the equilibrium point x e = (q e , 0, 0) is preserved with the integral control
Furthermore, the total control input takes the form
Proof of Proposition 3.4 is established following the same procedures as in the proof of Proposition 3.2 and involving Remark 3.4.
IV. APPLICATION: THE INERTIA WHEEL PENDULUM
A. Model
We use the Quanser IWP module (see [17] ), as shown in Figure 1 together with the simplified free body diagram of its mechanical part. It consists of an unactuated planar inverted pendulum with an actuated symmetric disk/wheel attached to its end, which is free to rotate about an axis parallel to the axis of rotation of the pendulum. The system has two degrees-of-freedom; the angular position of the pendulum q 1 and the angular position of the wheel q 2 . Only the wheel is actuated by a motor, hence the system is under-actuated. The dynamic equations of the IWP system can be written in a PCH form (1) with n = 2, m = 1,
where the control input u is the motor torque, k 1 = m p l 
B. IDA-PBC Stabilizing Controller
To start with, a stabilizing controller is obtained using IDA-PBC design procedures proposed in [8] . The main objective is to provide a continuous control law to swing up the pendulum by spinning the wheel and to stabilize it at its upward position q = (0, q 2 ) for any q 2 ∈ [0, 2π]. By fixing M d in the form of
and having G ⊥ = [1 0], then (4) is obtained with
k2(m2−m1) > 0, and ε > 0. Then (6) is obtained with
2 ).
C. Integral Action Controller
We apply the procedure given in Proposition 3.4 to design the integral controller for the IWP system. Given G = 0 1 ⊤ , then the matrix G is defined as G = 0 0 0 1 . The IC on the non-passive output and the extra term u p are then calculated as
D. Simulations
Two sets of simulation set-up have been used. In both, the initial conditions [q, p] = [π, 0, 0, 0] of the system are used. The first set-up simulates a tracking control problem where the pendulum is required to track a sinusoidal reference signal q 1r . A constant force disturbance of 1N is also injected into the dynamic of q 1 . We implement the integral IDA-PBC controller with the parameters m 1 = 0.4, m 3 = 5, ǫ = 1, K p = 0.5, K v = 1 × 10 −5 and K i = 1.2. The simulation results in Figure 2 show that without integral action, the system subject to external disturbance exhibits a large steady-state error, which can be observed particularly in the trajectory of q 2 . With integral action, the trajectories track their desired references despite the presence of the constant disturbance, bringing the trajectories to converge smoothly to their desired values. The second set-up illustrates the case of Figure 3 shows the response of the system at different integral gains: K i = 0 (no integral action), K i1 = 0.1 and K i2 = 1.0. It shows that steady-state errors induced by this disturbance appear when applying no IC, while the IC eliminates these errors.
V. CONCLUSION
We have presented several results on integral control for a class of PCH systems, extending the results of [6] , [7] . We have also provided a general framework that allows the use of integral action for under-actuated mechanical systems. This work is the first that discusses the incorporation of integral control for under-actuated mechanical system within PCH framework. Simulation results illustrate The effectiveness of the proposed controller design.
